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Abstract – We investigate the generalized braid relation for an arbitrary multipartite d-level system and its ap-
plication to quantum entanglement. By means of finite-dimensional representations of quantum plane algebra,
a set of dN × dN unitary matrix representations satisfying the generalized braid relation can be constructed.
Such generalized braid matrices can entangle N−partite d−level quantum states. Applying the generalized
braid matrices on the standard basis of product states, one can obtain a set of maximally entangled bases.
Further study shows that such entangled states can be viewed as the N−partite d−level Greenberger-Horne-
Zeilinger (GHZ) states.
Introduction. – One of the most prominent properties of
quantum states is quantum entanglement, which has motivated
much of work in quantum information theory [1]. For instance,
quantum entangled channels are essential in teleporting an un-
known quantum state [2] and in sharing a secret key for cryp-
tography [3]. For qubits, multipartite entangled states have
been studied intensively in quantum information processing in-
cluding quantum nonlocality [4], one-way quantum computa-
tion [5] and quantum error correcting codes [6–8], etc. Re-
cently, investigations on these fields have been generalized to
high-dimensional Hilbert spaces due to the enhanced security
offered in quantum cryptography [8]. One of the most impor-
tant multipartite d−level (qudit) entangled states is the GHZ
state [9–12], since it is the maximally entangled multipartite
state.
In mathematical physics, Yang-Baxter equation (YBE) is a
fundamental tool to deal with quantum integrable models and
statistical models [13, 14]. As is well known, the parameter-
dependent solution to YBE denoted by ˘R(x) satisfies
˘R12(x) ˘R23(xy) ˘R12(y) = ˘R23(y) ˘R12(xy) ˘R23(x), (1)
where ˘R12(x) ≡ ˘R(x)⊗I and ˘R23(x) ≡ I⊗ ˘R(x) with I being the
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identity matrix. The parameter-independent asymptotic form of
˘R(x) denoted by S obeys the braid relation
S 12S 23S 12 = S 23S 12S 23, (2)
where S 12 ≡ S ⊗ I and S 23 ≡ I ⊗ S . Recently, the unitary
˘R(θ) matrix as well as the unitary braid matrix S have been
investigated in quantum entanglement theory. Applying braid
operator S on bipartite product state |k, l〉 ≡ |k〉 ⊗ |l〉, one gets a
set of well-known maximal entangled states (i.e., the Bell basis)
[15–17]. This provides a novel way to study quantum entangle-
ment based on the theory of braiding operators, as well as YBE
[18–24]. These studies include qubit case [15] and qutrit case
[23, 24]. In Refs. [25, 26], the authors generalized the concept
of braid group relation and YBE to multi-qubit systems, which
are termed generalized YBE (gYBE). Very recently, Hastings
et.al. studied Gaussian representation based on the p − group
with odd prime p [27] and applied the Gaussian representa-
tion to describe the braiding statistical behavior of Metaplectic
anyons [28, 29]. Thus it is natural to ask whether the YBE ap-
proach can be generalized to an arbitrary multipartite d-level
case, or the so-called N−qudit case, and whether one can get
useful N−partite d−level entangled states via such approach.
Following Refs. [25, 26], the aim of this paper is to general-
ize Yang-Baxter approach to multipartite d-level systems. We
also explore the interesting applications of the generalization
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in the field of quantum entanglement. To achieve this, we first
briefly review the theory of finite-dimensional representations
of quantum plane algebra (QPA) [30, 31] and then construct
N−body d−level braid matrices by means of QPA, which pro-
vides the main mathematical tools for this work. We show that
the d−level GHZ states for a N−body system can be obtained
via unitary braid transformations, and the cases of d = 2 and
d = 3 are discussed in detail as examples.
Solution to the generalized braid matrix. – We begin
with parameter-independent YBE (i.e., braid relation). Let
S (d)1,··· ,N be the N−body d−level braid matrix; the following so-
called generalized braid relation [26] is satisfied
S (d)1,··· ,NS
(d)
2,··· ,N+1S
(d)
1,··· ,N = S
(d)
2,··· ,N+1S
(d)
1,··· ,NS
(d)
2,··· ,N+1. (3)
When N = 2, the generalized braid relation degenerates
to its ordinary form (i.e., eq. (2)). When N = 3, the gen-
eralized d−level three-partite braid relation can be written as
S (d)123S
(d)
234S
(d)
123 = S
(d)
234S
(d)
123S
(d)
234. Actually, the unitary general-
ized braid matrix S (d)1,··· ,N is a N−qudit quantum gate acting on
the tensor product Hilbert space Vd1 ⊗Vd2 ⊗· · ·⊗VdN , where Vdi
is the ith vector space of dimension d. We show in the following
that the multipartite d−level braid matrix can be contructed by
resorting to QPA.
Matrix representations of QPA. In this subsection, we re-
view some basic results about the finite-dimensional represen-
tations of QPA which provides us a useful mathematical tool
to describe a qudit system. Then the solutions to the N−body
d−level braid relation can therefore be constructed. The so-
called QPA generated by {q, X, Z}, is defined by the following
relation
XZ = qZX, (4)
here q is a complex number. It is well known that the associa-
tive algebra generated by X and Z possesses a d−dimensional
irreducible representation only when qd = 1. In this paper,
we take q as a primitive dth root of unity (i.e., q ≡ qd ≡ ei2pi/d).
Such special case has been studied by Weyl [32] and Schwinger
[33]. Obviously, eq. (4) implies XmZn = qmnZnXm for all inte-
gers m and n.
If one takes {|k〉; k = 0, 1, · · · , d − 1} as an orthogonal basis
for one qudit Hilbert space H = Vd, the operators X and Z
possess the corresponding realizations X = ∑d−1k=0 |k ⊖ 1〉〈k| and
Z =
∑d−1
k=0 q
k|k〉〈k|, and the matrix forms read
X =

0 1 0 · · · 0
0 0 1 · · · 0
...
...
. . .
...
...
0 0 0 · · · 1
1 0 0 · · · 0

,
Z =

1 0 · · · 0 0
0 q · · · 0 0
...
...
. . .
...
...
0 0 · · · qd−2 0
0 0 · · · 0 qd−1

.
(5)
Here and after we adopt a cyclic representation, which im-
plies the relation |k ⊖ l〉 ≡ |(k − l) mod d〉. Acting Xl and Zl
on the state |k〉, one obtains Xl|k〉 = |k ⊖ l〉, Zl|k〉 = qkl|k〉.
The results imply that the operators X and Z satisfy the rela-
tion Xd = Zd = I (I is identity matrix). Obviously, when d = 2,
q = −1, the operators X and Z can be identified as Pauli matri-
ces σx and σz, respectively. From this viewpoint, the operators
X and Z can be regarded as generalized Pauli matrices [34]. The
operators X and Z are connected by F with X = F†ZF, where
F = d−1/2 ∑d−1k,k′=0 q−kk′ |k〉〈k′| is the Fourier operator. Actually,
the operators X, Z and F are often used in high-dimensional
quantum error-correcting codes [35].
Matrix representations of N−partite d−level braid algebra.
In this subsection, we present the N−partite d−level braid
matrix based on QPA. From QPA, we first obtain the gener-
alized M−algebra. As is well known, M−algebra (or extra-
special 2-group [26]) obeying the relations M2 = −I and
M12M23 = −M23 M12, plays an important role in the theory of
YBE [15]. By means of M−algebra, the braid matrix and ˘R(x)
can be constructed, and these matrix representations are ap-
plied to the studies of quantum entanglement and Berry phase.
Now we show that the M−algebra can be generalized to the
N−partite d−level system, and can be used to construct the gen-
eralized M−matrices (or extra-special d-group [27, 28]).
To generalize the M−matrix, we introduce the matrices A =
ZX =
∑d−1
k=0 q
k−1|k⊖ 1〉〈k| and B = X which satisfy the algebraic
relations Ad = (−1)d−1I, Bd = I and AB = q−1BA. Then the
generalized M−matrix can be obtained in terms of matrices A
and B with the following relation
M(d) = A ⊗ B ⊗ · · · ⊗ B, (6)
where M(d) is the d−level M−matrix, which obeys the fol-
lowing algebraic relations
[
M(d)
]d
= (−1)d−1I,
M(d)1,··· ,N M
(d)
2,··· ,N+1 = qM
(d)
2,··· ,N+1 M
(d)
1,··· ,N ,
(7)
here M(d)1,··· ,N stands for M
(d) acting on the tensor product Hilbert
space HNd = Vd1 ⊗ Vd2 ⊗ · · · ⊗ VdN .
With this generalized M−matrix, one can construct a corre-
sponding generalized braid matrix, which is denoted by S (d).
Its specific form reads
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S (d) = 1√
d
d−1∑
k=0
ωk(k+1)
[
M(d)
]k
, (8)
with the parameter ω = eipi/d with d being even, and ω =
ei2pi/d with d being odd. The braid matrix S (d) is a dN × dN
matrix acting on the tensor product space HNd . Direct compu-
tation shows that the generalized braid matrix is unitary (i.e.,[
S (d)
]†
=
[
S (d)
]−1). Actually, some special cases for d and
N have been discussed in detail in Refs. [15, 20, 23, 24, 27].
When d = N = 2, one obtain the so-called “eight-vertex”
braid matrix, which can be viewed as localized representation
of the Ising anyon (i.e. the Majorana fermion) [29] and can
be used in the topological quantum computation theory [36].
For the case of odd prime d ≥ 3 and N = 2, substituting
M(d) = ω−1 M′(d) into eq. (8), the braid matrix S (d) can be
recast as S (d) = d−1/2 ∑d−1k=0 ωk2
[
M′(d)
]k
. Such representation
can be viewed as localization of the Gaussian representation,
which is used in the Metaplectic anyons theory [28, 29, 37]. It
is worth mentioning that the N−body braid matrices in eq. (8)
are different from the braid matrices in Ref. [38, 39] since such
N−body braid matrices cannot be factorized. That is to say the
braid matrix in eq. (8) cannot be rewritten as direct product of
local operators.
Construction of N−partite d−level GHZ basis. – In this
section, we demonstrate that the generalized GHZ states can be
constructed by resorting to the generalized braid matrix (i.e.,
eq. (8)). Following Ge et al., one can view the general-
ized braid matrix as quantum gate acting on the tensor prod-
uct Hilbert space HNd . In other words, applying the generalized
braid matrix on the standard basis, we are able to get a set of
entangled states. For instance, if d = N = 2, the Bell basis can
be obtained. For the general case, one can achieve N−partite
d−level entangled states.
The standard basis for the N−partite d−level tensor product
space reads Bsta = {|k1, k2, · · · , kN〉; ki ∈ {0, 1, · · · , d− 1}}. Act-
ing S (d) on the standard basis state |k1, k2, · · · , kN〉, one easily
gets
|ψ(d)k1,k2,··· ,kN 〉 = S
(d)|k1, k2, · · · , kN〉
=

1√
d
∑d−1
i=0 αi|k1 ⊖ i, k2 ⊖ i, · · · , kN ⊖ i〉; odd d
1√
d
∑d−1
i=0 βi|k1 ⊖ i, k2 ⊖ i, · · · , kN ⊖ i〉; even d
(9)
where αi = ωi(2k1+i+1)/2 and βi = ω2k1i. Obviously, the
state |ψ(d)k1,k2,··· ,kN 〉 cannot be written as a product state |ψ
(d)
1 〉 ⊗
|ψ(d)2 〉 ⊗ · · · ⊗ |ψ(d)N 〉, thus we can say the new basis Bent =
{|ψ(d)k1,k2,··· ,kN 〉; ki ∈ {0, 1, · · · , d − 1}} is an entangled basis. We
next utilize an entanglement measure to test the degree of the
entangled states. There are lots of entanglement measure for
the multipartite system presented, such as genuine-multipartite-
entanglement (GME) concurrence [40], n−tangle [41] and so
on. Here we adopt Scott’s Q−measure [42]. Such entangle-
ment measure was introduced to determine quantum entangle-
ment for a multi-qudit state |ψ〉, which is a vector in the tensor
product space HNd . The so-called Q−measure reads
Qm(ψ) ≡ d
m
dm − 1
1 − m!(N − m)!N!
∑
|s|=m
Trρ2s
 , (10)
where m = 1, 2, · · · , ⌊N/2⌋, s ⊂ {1, 2, · · · ,N} and ρs =
Trs′ |ψ〉〈ψ| is the density operator for the qudits s after trac-
ing out the rest and the notation ⌊k⌋ denotes the integer part
of k. Scott showed that Qm is an entanglement monotone and
0 ≤ Qm ≤ 1. Substituting eq. (9) into eq. (10), we find that the
basis states in eq. (9) possesses the same entanglement degree.
The general form of Qm(|ψ(d)k1,k2,··· ,kN 〉) is as follows
Qm(|ψ(d)k1,k2,··· ,kN 〉) ≡ 1 −
dm−1 − 1
dm − 1 . (11)
Specially, when m = 1 the upper bound is reached (i.e.,
Q1(|ψ(d)k1,k2,··· ,kN 〉) ≡ 1). According to Scott, the basis states in eq.(9) are generalized GHZ states (i.e., d−level GHZ states). So
we can conclude the new basis Bent is a generalized N−partite
GHZ basis. If we set N = 2, one can get a set of d−level two-
partite entangled states (i.e., the generalized Bell basis) [43].
To demonstrate our results explicitly, we consider the cases
of d = 2 and d = 3 in the following subsections.
The case of N qubits. When d = 2, matrices X and Z are
just Pauli matrices (i.e., X = σx and Z = σz). The matrices A
and B are as follows
A =
(
0 1
−1 0
)
, B =
(
0 1
1 0
)
, (12)
here the matrices A and B satisfy the relation AB = −BA. By
means of matrices A and B, a N−partite two-level M−algebra
can be constructed as M(2) = A⊗B⊗B⊗· · ·⊗B, which satisfies
the following algebraic relations
[M(2)]2 = −I,
M(2)1→N M
(2)
2→N+1 = −M(2)2→N+1 M(2)1→N .
From eq. (8), one can acquire the generalized braid group rep-
resentation (BGR), S (2) = 1√
2
(I − M(2)), which fulfills the fol-
lowing N−body two-level braid relation
S (2)1→NS
(2)
2→N+1S
(2)
1→N = S
(2)
2→N+1S
(2)
1→NS
(2)
2→N+1.
If we let N = 2, the specific form of the braid matrix S (2) is
of the form
S (2) = 1√
2

1 0 0 −1
0 1 −1 0
0 1 1 0
1 0 0 1
 .
The above braid matrix is the so-called “eight-vertex” braid
matrix, which connects the standard basis {|i, j〉; i, j = 0, 1}with
the Bell basis [15, 17]. Acting the N−partite two-level braid
matrix S (2) on the standard basis, we can get a set of entangled
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states (i.e. GHZ basis) having the same degree of entangle-
ment. For example, acting S (2) on the product state |00 · · ·0〉,
the standard GHZ state for the N−qubit system is thus found
|ψ(2)00···0〉 = S (2)|00 · · ·0〉 =
1√
2
(|00 · · ·0〉 + |11 · · ·1〉) .
Our result for this special case is consistent with the ones
obtained in Ref. [25] by Ge et al. and in Ref. [26] by Rowell
et al. .
The case of N qutrits. When d = 3, according to eq. (5),
the generators X and Z for d = 3 can be obtained as follows
X =

0 1 0
0 0 1
1 0 0
 , Z =

1 0 0
0 ω 0
0 0 ω2
 . (13)
By virtue of X and Z, it is not difficult to find matrices A and
B, which satisfy the relations A3 = B3 = I and BA = ωAB. The
action of A and B on the standard basis of a qutrit system gives
A|i〉 = ωi−1|i ⊖ 1〉 and B| j〉 = | j ⊖ 1〉. The N−level M−matrix is
therefore M(3) = A⊗B⊗B⊗· · ·⊗B, which fulfills the following
algebraic relations
[
M(3)
]3
= I,
M(3)1→N M
(3)
2→N+1 = ωM
(3)
2→N+1 M
(3)
1→N .
Then one can acquire the three-level generalized BGR,
S (3) = 1√3 (I + ω2M(3) +
[
M(3)
]2) with the generalized braid
relation satisfied, S (3)1→NS
(3)
2→N+1S
(3)
1→N = S
(3)
2→N+1S
(3)
1→NS
(3)
2→N+1.
We would like to mention that one special example of the N-
qutrit case has been studied in detail in Refs. [23, 24] with
N = 2. Acting S (3) on the standard basis of N qutrits, it is
easy to obtain a set of entangled states for tensor product space
HN3 = V(3) ⊗ V(3) ⊗ · · · ⊗ V(3). An example of this is to act
the three-level N−body braid matrix (S (3)) on the product state
|00 · · ·0〉, and the following three-level GHZ-like state is found
|ψ(3)00···0〉 =
1√
3
(|00 · · ·0〉 + |11 · · ·1〉 + ω|22 · · ·2〉) . (14)
And then by applying a local unitary operator U = u ⊗ u ⊗
· · · ⊗ u with u = |0〉〈0|+ |1〉〈1|+ω−1/N |2〉〈2|, one can verify that
the phase factor ω in eq. (14) will vanish, and thus the standard
N−partite d−level GHZ state can be obtained.
Summary and discussion. – In this paper, we have inves-
tigated the generalized braid relation (N−body d−level braid
relation) and its applications to quantum entanglement. By
means of finite-dimensional matrix representations of QPA, a
set of unitary matrix representations for the generalized braid
relation can be constructed. We have showed that the general-
ized braid matrices are unitary, and such braid matrices can be
viewed as quantum gates for N−body d−level systems. The ac-
tion of the generalized braid matrix on the standard basis results
in a set of entangled basis. The detailed calculations show that
all the quantum states are N−partite d−level GHZ type states.
Let us make some discussions to end this paper. (i). In
fact, we can always associate a Hamiltonian with the gen-
eralized unitary braid matrix. The unitary generalized braid
matrix S (d) is of the form S (d) =
∑
k e
iϕk |uk〉〈uk |, where
eiϕk ’s and |uk〉’s are the eigenvalues and eigenvectors of S (d).
Then the corresponding Hamiltonian operator reads H(d) =
−ilogS (d)=∑k ϕk |uk〉〈uk|. This allows us to study braid trans-
formation in a special physical system (such as NMR sys-
tem). (ii). The generalized unitary braid matrices in this pa-
per are spectral parameter-independent and time-independent.
The braid matrices cannot be used to describe a parameter-
dependent entangled basis and its dynamical properties. An ex-
ploration in the more complicated case with parameter depen-
dence is still an open problem. As is known, Yang-Baxter equa-
tion can be viewed as spectral parameter-dependent braid rela-
tion. Via Yang-Baxterization approach, it is possible to gener-
alize the parameter-independent braid matrix to the parameter-
dependent N−partite d−level Yang-Baxter ˘R-matrix such that
one can study the relation between N−partite d−level quantum
entanglement and generalized YBE, and this is under investi-
gation.
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